Abstract. For curved crack problems in plane elasticity, subjected to the traction conditions on the crack faces, we present a system of boundary integral equations. The procedure is based on the indirect boundary integral method in terms of real variables. For efficient mathematical analysis, we decompose the singular kernel into the Cauchy singular part and the regular one. As a result, solvability of the presented system is proved and availability of the present approach is shown by the numerical example of a circular arc crack.
Introduction
We consider the linear elastic field in the infinite plane, with body force terms omitted, which contains a curved crack, Γ subjected to the equal and opposite loading on the crack faces. Since Σt i = t [5] . It is well known that these equations have serious deficiencies:
1. There are two unknowns, u i and ∆u i . 2. Any set of equal and opposite tractions, say, Σt i = 0 will result in the same equation (1). 3. The stresses (or tractions) induced by the formula (1) have hyper singular integrals.
In order to overcome these problems many works such as subregion method [2] , crack Green's function technique, dislocation theory [6, 10] and complex variable method [3] have been presented. However it is known that these methods are too restrictive to the general crack geometry and have the drawback that their essential ingredients must be constructed in full for every individual situation. Recently, another remarkable technique, so called dual boundary element method (DBEM) was developed by Portela [8] and Portela at al [9] . In this method the displacement boundary integral equation is applied to one of the crack faces and the traction boundary integral equation on the other, for which there are no mathematical analysis on the solvability. On the other hand, for curved crack problems, Wendland and Stephan [11] have studied on the hypersingular integral equations obtained by applying the traction operator to the direct boundary integral equations. They gave complete results on the solvability of the equations and on the regularity of the solutions in Sobolev spaces. However, in this case, one cannot help manipulating hypersingular integrals in numerical scheme.
In this paper we introduce the indirect boundary integral method for curved crack problems which is based on the displacement representation in the form of the single -layer potential. This results in a system of two integral equations of real variables which contain Cauchy singular kernels. The integral operators corresponding to these kernels are decomposed for efficient mathematical analysis and numerical evaluation. We expect this approach can avoid the difficulties of direct boundary integral methods. Moreover, as a main result of this paper, solvability of the system of induced integral equations is proved.
In the next section we formulate a system of boundary integral equations on the curved crack face and, in Section 3, prove the solvability of the boundary integral equations. Section 4 shows efficiency of the present method by a numerical example of a circular arc crack.
Indirect boundary integral method
In the isotropic, homogeneous and linear elastic field without body forces, the displacement vector u = (u 1 , u 2 ) satisfies
. ν is the Poisson ratio and E is the Young's modulus. In this paper we consider the state of the plane strain. Under the assumption that the equal and opposite loading is applied on the crack faces, we identify Γ with the upper crack face and denote n P = ( n 1 (P ), n 2 (P ) ) as a outward normal vector at P ∈ Γ. Then, for the tractions t i (i = 1, 2) defined by
we consider the boundary conditions
where f (P ) and g(P ) are given.
Derivation of the boundary integral equations
As mentioned in the previous section the traditional direct boundary integral formulae result in the equation (1) which contains some mathematical difficulties. To avoid these problems, we suggest the indirect boundary integral formulae of the displacements u i such as
in which rigid body motions are ignored. In (4) U ij (P, Q)'s are the Kelvin's fundamental solutions for displacements [1] and λ i (P )'s are the density functions to be determined by the condition (3) after translation of the formula (4) into the traction formulae. Since, in the equation (4),
we assume the boundedness of the displacements at infinity which is satisfied by the conditions
On the other hand, from the equation (4), the stresses become
where, for two points P = (x 1 , x 2 ) and Q = (ξ 1 , ξ 2 ) in Ω with r = |Q − P |, and for a constant A denoted as
,
For a fixed point P ∈ Γ, let L P be the line through P parallel to the normal vector n P = (n 1 (P ), n 2 (P )). Multiplying both sides of (6) by n P and observing that
we define a function t i in the region L P ∩ Ω such as (8)
For i = k, this can be rewritten by (10)
Then, by the limiting process P → P ∈ Γ, we have the well known result of the boundary integral equation for the boundary points as follows:
For any twice continuously differentiable boundary curve Γ, the function t i (P ) defined in (8) satisfies the following jump relation.
Identifying the limit value of t i (P ) in (11) with the traction t i (P ), from the boundary conditions (3), we have the boundary integral equations as (12)
where S ik are integral operators defined by
In the right hand side of this formula, the symbol of the integral means the Cauchy principal value when i = k. The system of integral equations in (12) can be written by the matrix form
M is the matrix operator denoted by
Decomposition of the kernels
We decompose the integral operator S 12 (and S 21 ) into the Cauchy singular operator and a regular one in order to prove solvability of the equation (14) efficiently. Firstly we assume that the boundary curve Γ is parametrized by
. Furthermore, by denoting as
we have
The last equality holds by the fact that
By the results in (16)-(19), the kernels
where the constant c is defined by
It should be noted that the functions h 12 and h 21 in (20) are continuous functions on the region
For the convenience of the formulation we multiply both sides of the equations in (12) by N (x) = |β (x)| after parametrization of the variables, and then denote the unknown density function as µ i (x) = λ i (β(x))|β (x)|. Then the integral operators S ij are reset as those multiplied by N (x). Moreover we decompose the singular integral operators S 12 and S 21 as
. Then the equation (12) or (14) becomes, for −1 ≤ x ≤ 1, (23)
Solvability of the indirect boundary integral equations
For a closed curve, the indirect boundary integral method of real variables has been rigorously investigated by means of the mathematical structure of argument [4] . However, as par as the author is aware, there are no account of the solvability of the indirect integral equations in the case of an open arc or crack. It is notable that Wendland and Stephan [11] gave complete results on the solvability of hypersingular integral equations, based on the direct boundary integral method, for crack problems. In this section we study on the functional properties of the integral operators introduced in the previous section and then prove solvability of the system of boundary integral equations (23). Proof. We show that the adjoint of
where
Since the kernel T ii (i = 1, 2) is continuous on Γ, the operatorS ii is compact. Referring to the Fredholm alternative, it is sufficient to show that
is a non -trivial solution of the homogeneous equation
Then
Since r ,i ≤ 1 and 1 − 2ν > 0 for all ν < 0.5,
and, in Yun and Lee [13] , it has been proved that
Moreover the sign of ∂ ∂n Q log r is not changed because the boundary Γ has been assumed to be convex or concave. This results in
Therefore it follows that
This is a contradiction so that the adjoint operator , where w is a related weight, then we have the following lemma.
Theorem 3. For a weight w(x)
is a bounded linear operator with S 12 ≤ πc and I +4S 12 2 is invertible.
Since the continuous function f can be represented by the Chebyshev polynomial expansion, we set
By using the orthogonality of the first kind Chebyshev polynomials {T n } with the weight w(x), we have
On the other hand, the result in Mikhlin and Prössdorf [7] such as
and the orthogonality of the second kind Chebyshev polynomials, {U n } with the weight w −1 (x) imply
where c is the constant given in (20). Thus S 12 is a bounded operator with S 12 ≤ πc. Moreover by observing
which implies that I + 4S 12 2 is invertible.
In fact it is known that the operator S 12 is the invertible continuous operator from the space
2 ) onto itself [7] . For the solvability of the system given in (23), we define a space Then it can be seen that B is compact since the kernels of the integral operators S 11 , S 22 , S • 12 and S • 21 are continuous. From Lemma 3.2 we can see that A is an invertible operator with its inverse,
by observing that AA −1 = A −1 A = I. Therefore the operator
is invertible if it is injective. In the homogeneous equation
T of (23), if we interpret v as a vector of the crack opening displacements with traction zero and then apply the traction operator to the above homogeneous equation, the resultant equation has the trivial solution v = 0 by Theorem 2.3 in Wendland and Stephan [11] . This completes the proof.
A numerical example
Firstly, referring to Ladner [6] and Xu and Keer [12] , we represent the unknown density functions of the boundary integral equations in (23) as
where T n (x) is the first kind Chebyshev polynomial and w(x) is the related weight function such as
It should be noted that we can avoid numerical evaluation of the Cauchy principal value integrals, S 12 µ i (x) = −S 21 µ i (x) in (23) by the fact
where U n−1 (x) is the second kind Chebyshev polynomial with U −1 (x) = 0. However, the system of equations (23) still contains weakly singular integrals and thus the standard quadrature rule for these integrals may result in low convergence. To overcome this problem, we use a nonlinear coordinate transformation as follows:
where γ Sidi m is a well known Sidi-sigmoidal transformation of order m defined by
In the work of Johnston and Elliott [14] , it has been proved that the sigmoidal transformation technique like (26) sufficiently improves the errors of the numerical evaluation using the Gauss quadrature rule for weakly singular integrals.
Once the density functions, µ 1 and µ 2 are obtained by solving the equations in (23), we can evaluate displacements u 1 (x, y) and u 2 (x, y) for arbitrary source point, P = (x, y) ∈ R 2 . That is, from the formulae in (4), the displacements are
where the kernels U ij (x, y; ξ) take the form of (28)
On the other hand, from the formulae in (6), we define stress functions F (P ), G(P ) and H(P ) for any source point P = (x, y) as (29) F (P ) := σ 11 (P ) + σ 22 (P )
As an example we consider a circular -arc crack, Γ parametrized by
under the condition on the boundary Γ as follows:
for all P = β(x) ∈ Γ. Numerical results for this example have been obtained from a program coded by Mathematica V4, and the standard Legendre Gauss quadrature rule with the number of integration points, NGP = 12 has been used after the Sidi -sigmoidal transformation of order m = 5. For several source points, P k , k = 1, 2, 3, 4, 5, taken as
and P 4 = (2, 0), P 5 = (10, 10). Table 1 and Table 2 show numerical values of the displacements, u i (P k ) and stress functions, F (P k ), G(P k ) and H(P k ), respectively, with respect to various numbers of collocation points, N = 4, 8, · · · , 24. One can see that all of the numerical solutions for displacements and stresses converge as N increases. The rate of convergence can be accelerated by using large NGP. 
Conclusion
In this paper we have studied on the indirect boundary integral method, via real variables, for curved crack problems in plane elasticity. Unique solvability of the resultant system of integral equations has been proved completely. In addition, a numerical example of a circular arc crack has been given to justify the result of this paper.
As we mentioned in Section 1, one can observe that this approach may overcome the theoretical and computational difficulties in the traditional boundary integral formulation of the cracked body.
We expect further work on the convergence analysis of the approximate scheme, which assures availability and stability of the indirect boundary integral method.
